Abstract. The nature of three-magnon excitations in general spin4 quanhlm spin chains is studied using the recursion method. The asymptotic behaviour of the recmnce coefficients can be used to identify the presence of bound states in the spec". Special features of integrable models are easilx identified.
Introduction
Generalized Heisenberg spin chains with general spin S provide excellent opportunities to study the nature of excitations in both integrable and non-integrable systems. Bethe [I] first showed how to obtain the eigenvalues and eigenvectors of the S = f Heisenberg chain using a method which is now called the Bethe mat.?. Thii same approach can also be used for more general S > f models which have a permutation symmetry [2,3]. More recently, the Bethe ansatz has been related to the quantum inverse scattering method [4] and the nature of excitations in both ferromagnets and antiferromagnets has been investigated. This has been followed by the identification [S, 6, 7, 81 of other S > f integrable models. In general, the excitations can be classified according to their total wavevector K and their total Sz = NS -m and are referred to as m-magnon excitations. Bethe's results showed that for m z 1 the excitations can be of two types: scattering states and bound states.
For the ferromagnetic case, the vacuum state has all spins aligned parallel and the complete excitation spectnun consists of both bound states and resonant states within the continuum of scattering states. However, the nature of excitations in the antiferromagnetic case has been more coniroversial. In the case of the integrable models, the low-energy excitations from the antiferromagnetic vacuum are gapless two-particle scattering states and bound states do not exist at any value of S. The non-integrable models were expected to have similar properties until the work of Haldane 191 predicted that the excitations for integer values of S have a gap whereas for half-integer values there is no gap. The nature of bound states in the antifemomagnetic case remains unresolved.
In the case of a ferromagnetic ground state, the one-magnon and two-nagnon problems can be solved exactly [IO] . However, most investigations of the m-magnon problem for m > 2 have been restricted to the integrable models. Haldane [Ill considered the ferromagnetic vacuum and has suggested that the bound and resonant type of m-magnon states form p = min(m, 2s) branches in the general model and that all branches are real and continuous across p Brillouin zones in an extended zone scheme for the integrable models. In the non-integrable models, the branches enter the continuum and gaps occur at the Brillouin zone boundaries. Chubukov and Kveschenko [I21 studied the two-magnon problem for S = 1 and S = $ and used this criterion for the absence of gaps to identify integrable models. However, as we shall demonstrate, one needs to study the 2s-magnon problem to ensure integrability.
There have been relatively few papers which have considered three-magnon excitations in the past. In the present work we describe a method to calculate three-magnon excitations in ferromagnets. Our approach to the three-magnon problem maps it exactly onto an effective tight-binding Hamiltonian. General properties are easily extracted for the most general isotropic spin Hamiltonian for spin S. The special cases which correspond to completely integrable models are identified with special properties of the threemagnon excitations in agreement with Haldane. In the next section we descrik the general S-model and outline OUT method of solution. Our results for the three-magnon excitation spectrum of various spin4 models are given in section 3.
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The model
We consider the following Hamiltonian for a chain of spin-S quantum spins
The interactions are restricted to nearest neighbours but further neighbours can also be included as well as various types of anisotropies without difficulty. The Hamiltonian in (1) is the most general form for spin S with SU(2) syme'uy. The model with only the n = 1 term is the usual Heisenberg model. The special cases which are completely integrable correspond to particular values of the J(").
However, rather than use the J("), we will use certain linear combinations which are most easily described by considering an isolated pair of nearest-neighbour spins. The total angular momentum j of the pair can take the values j = 0, 1, ..., 2s and the energy eigenvalue of the pair in state j is hj = It is convenient to define the eigenvalues with respect to the state of maximum j and ratios of these quantities as follows:
am(S) = A2s-m -A~s where m = 0, 1, .... 2s. Note that go(S) = 0 and gt(S) = 1 for all values of the J(") in (1).
The advantage of using the g,(S) rather than the J(") is that the m-magnon problem only involves the first m of the former combinations.
The known integrable cases correspond to the following choices of the g, (S): the values of the J(") which yield the SchrMnger [Z] exchange operator for general S correspond to 
In the following, we assume that the ground state of ( 1 ) corresponds to the ferromagnetic state 10) with all spins aligned along the negative z direction. The one-magnon eigenstates are plane waves with excitation energy
(7)
Hence the one-magnon energy is the same for all choices of the J(") when the energy is measured in units of CYI(S). For stability of the ground state with respect to one-magnon excitations we require a1 (S) to be non-negative. The two-magnon specbum of the general Hamiltonian ( 1 ) has been studied [19, 201 recently using a real-space rescaling approach. The solutions depend upon the value of gz(S) with the excitations of the inteagable models having special features. However, these properties are independent of the values of the remaining g,(S) for S > 1. Hence an S = 4 model may have features in its two-magnon specbum which suggest integrability but the three-magnon spectrum will not necessarily have the same features since it depends on the value of g3(S) as well. The site coordinates label the values of x and y in the ket IK; x, y ) and the lines connecting the sites represent the interactions between kets. The arrows indicate that the interactions are complex. When the Hamiltonian acts on the ket at any site, it yields a linear combination of up to seven kets. These kets include the one acted upon and the six nearest neighbours. The coefficient of the self-term is the appropriate E for that site and the coefficients of the neighbouring kets are the interaction parameters (U, W , V, VO, VI) corresponding to the type of line connecting the neighbours. If the arrow on the line is pointing towards the site acted upon, then the complex conjugate of the interaction should be taken.
A simple example can be read off the figure as follows: suppose the effect of ?? The equations for these 'surface' states contain an unphysical solution E = which is independent of K. This solution was also found in previous studies [18] of the S = 4 model but was difficult to eliminate. In our approach, these unphysical states are clearly identified. The remaining 'bulk' states are the physical states and the solutions correspond to those found by Bethe [l] . Before we describe our general approach to solving these equations, we will first consider the S > 1 integrable cases. When the g,,, have the values corresponding to (4). the Hamiltonian bas SU(ZS+ 1) symmeny and there is again a decoupling of the states with two deviations on the same site from the rest as shown in figure 3. In addition, the state with three deviations on the same site is also completely decoupled and the corresponding solution for the energy E = so = q(S) (1 -cos(K)) is degenerate with the one-magnon These two continua overlap with the three free giving the maximum energy at any K and the two boundone free giving the minimum energy. There is also a three-magnon bound state below these continua with energy E = fal(1 -cos(K)). Thus the following general pattern emerges for this integrable case of SU(2S + 1) symmetry: for the general m-magnon problem the system decouples into separate groups of equations for the states involving n = 1.2, . . . , m deviations on a single site. Each of these groups has solutions identical to the (m -n + I)-magnon spec!" of the S = $ model. The SU(2) integrable case given by (5) does not yield a decoupling of the basis kets and must be investigated directly using the method decribed below.
In order to obtain information about the spectral properties of the general Hamiltonian in (l), we have used the recursion method 1211 to transform this triangular system to a semi-infinite chain. This provides a continued-fraction representation of the local Green's function which can easily be used to calculate the local density of states. The method is based on a threeterm recursion relation of the form B W Southem et a1
where a,,, b, E R and U, is the nth state of an arbitrary complete orthonormal set of states.
To start the procedure, we define U-1 0 and choose some arbitrary normalized state vector A second normalized state vector, q, is obtained from
Taking u 1 to be orthogonal to u g it follows that
where bl is the normalization factor for U]. Once we have the first two vectors, we can use (11) to generate the rest. In general, (14) The new state formed at each iteration is conshucted to be orthogonal to the previous two states, and thus only these two states need be stored to find the next basis state . The precise values of the a, and b, generated will depend upon the choice of initial ket. For the infinite system of equations represented by figure 1, the recursion process continues indefinitely and this raises the question of when and how to stop the procedure.
There are a number of possibilities 122, 23, 241 for the behaviour of the coefficients a, and b, as a function of n. The coefficients may approach constants, approach some kind of periodic oscillations or behave in a more complicated fashion. The asymptotic form for the coefficients is determined by the scattering states of the spectrum. If these states are composed of overlapping continua with no. gaps, then the coefficients,'appioach constant values which are determined by the maximum and minimum values of the overlaping continua. For the three-magnon case, these continua have energies equal to either the sum of 3 free magnons or two bound and one free. For S t 4 there can be more than one twomagnon bound-state branch and there is a continuum corresponding to each branch. IFthe superposition of the continua leads to internal gaps in the continuum;then the asymptotic form of the coefficients can be more complicated 1241 and wiil depend upon the values of the energies at the edges of the gaps as well. In each case, once the asymptotic ,behaviour is reached, the iteration process can be terminated and the remaining coefficients can 'be obtained using the asymptotic form. In our case, knowledge of the complete-two-magnon spectrum is all that is required to predict this behaviour.
As an illustration of the method, we will first consider the case of S = f where our Hamiltonian reduces to the case solved ,by Bethe. Since b each ket in our initial ket space is labelled by the total wavevector K, we carry out the procedure for fixed K. When the recursion method is applied to any state contained within the physical part of the Hamiltonian the resulting coefficients rapidly converge (-20 iterations) to .nearly constant values. However, internal Van Hove sin@l*ties ih h e three free or two bound/one free magnon continua may produce visible oscillations '[22] which are still noticeable at this stage. It is therefore necessary to continue the method.'well, beyond 20 iterations to reach the asymptotic form.
For the S = f case, the asymptotic values of thecoefficients a,, and b, &e determined as follows:
(1'6) where Emax and E,,,in are the maximum and minimum energies of the scattering-state solutions and are given by do not exhibit any such gap, but we can imagine one to be present if the bound state below the continuum is treated not as a delta function, but as having a very narrow but finite width equal to the machine zero for each precision. In the case where real gaps are present, the asymptotic behaviour of the coefficients is described by hyperelliptic ( 
10-14,theenergybandsextendfrom(E1, Ez) = (~-~, 2 +~) a n d ( E 3 , E 4 ) = ( l r 6 ) .
The period for the index for the recursion coefficients, Sn, is related to the ratio of two elliptic integrals evaluated over the regions outside the bands. Following the analysis in section 4.5 of the paper by Turchi et al [24] , we obtain the value Sn = 67 (for the nearest integer) which is in agreement with the observed period in figure 5 . When the calculation is generalized to an arbitrary narrow band width, y , centred on the bound-state energy, we find that Sn s -h ( y ) and that the maximum (or minimum) of the deviations in the coefficients a. is equal to the binding energy of the bound state. If the bound state is below the continuum, the deviations are negative, but if it is above, they are positive. Thus the asymptotic behaviour of the recursion coefficients gives direct evidence about the location of bound states. another method of analysis which supports the above interpretation is to study neigbouring pairs of the coefficients using phase space plots. 'hrchi et ul [%I derived recurrence laws for the coefficients by examining the asymptotic form of the continued fraction. For a single gap, equation (4.29) of their paper shows that any pair of neighbouring coefficients ( A , B ) = (an, bi-l) or (ao, bi) satisfy 
X ( Z ) n ( E j -x ) .
i=l Equation (18) can be viewed as a relation in the phase space of a,, and b,' and is dependent upon the values used for the energies of the four band edges. A change to any of the energies can alter its graphical appearance significantly. A phase space plot is shown in figure 6 for our double-precision coefficient calculation. The solid line is obtained from (18) . taking El = -T , E2 = + E3 = 1 and E4 = 6 and the two types of symbols represent (a", b,') and (un, b:-l) pairs. The first 50 coefficients have been ignored as the analysis is valid only in the asymptotic region.
The iterations where the coefficients are essentially constant appear at the lower righthand comer whereas the deviations are distributed along the rest of the curve. The maximum deviations in A are 0.33 which is the energy difference between the lower edge of the scattering-state continuum and the three-magnon bound state.
The excellent agreement of the phase space plots with our calculated coefficients and our ability to predict the period and amplitude of the anomalous deviations are convincing arguments for regarding the deviations as simply due to numerical limitations of the computer system which was used. These l i t a t i o n s result in a non-zero width for the bound state but do not affect the energy of any bound state or band edges. Hence, these deviations can be ignored and the recursion coefficients can be replaced by their asymptotic constant values after -30 iterations. The local density of states corresponding to the initial ket uo can be obtained directly fromthe continued-fractionrepresentation of the Green's function in terms of the coefficients a . and b,. Thus, the information about the location of bound states can be obtained either from the density of states or from the anomalous behaviour of the coefficients in the asymptotic region. Each set of coefficients is calculated at a fixed value of K and the information obtained in this way can then be combined to show the dispersion curve for the bound-state branches. The method can be applied to the general Hamiltonian in (1) as it does not require the model to be integrable.
Results
Consider first the S = 1 Heisenberg model at K = x . The coefficients obtained using the initial choice of ket ~0 = IK; 1,O) are shown in figure 7 . The coefficients approach constant values asymptotically but exhibit two separate sets of deviations, both of which are due to the limitations of the computer system used to calculate them. These deviations indicate the presence of two bound states below the continuum at this value of K . This interpretation is confirmed by calculating the density of states using 500 coefficients and a constant termination procedure. Figures 8 and 9 show the results for two different energy ranges.
The two bound states are clearly visible and located at E = 1.19,1.27 whereas the continuum of scattering states extends from E = 1.408 to E = 6. The continuum is The lower bound state moves down in energy and always remains below the continuum down to K = 0. The disappearance of the upper bound state can be seen directly in the coefficients. Figure 10 shows the recursion coefficients at K = 0 . 7 5~ where it is evident from the asymptotic behaviour that only one bound state remains. The general features can be summarized by plotting the bound-state energies against K across the Brillouin zone as in figure 11. When the bound state enters the continuum, it becomes a resonance and the density of states exhibits a peak at this energy. The resonance is represented by the dashed line and the bound states by the solid lines. The continuum is indicated by the shaded region. The two bound/one free continuum determines the lower edge for all K whereas the three free continuum determines the upper edge.
These results for the S = 1 Heisenberg model correspond to the value of g2 = 1.5 as given by (6) and are independent of g3 since the unphysical ket with three deviations on the same site decouples from the rest. As the value of gz is changed towards that of the SU(2) integrable model in the continuum for this special value of gz. For this integrable model, there are two separate two boundone free continua corresponding to the upper and lower two-magnon boundstate branches [19] . These continua overlap the three free continuum completely and thus determine both the upper and lower edges of the scattering-state solutions.
For larger values of S, the details of the spectrum will depend on the value of g3 as well. Figure 12 shows the spectrum for the S = 5 Heisenberg model. There are two bound states below the continuum near K = n with the upper branch becoming a resonance at smaller K . However, there is an additional resonant peak at higher energies across the entire zone. Our approach can be used to study the nature of the excitations for any values of S and the g, . In the general case, with S 2 1, the bound states and the continua interact to produce resonances inside but there are two bound states below the continua near K = S .
These states are. separated by a gap which decreases as S increases.
Summary
We have used the recursion method to obtain information about the nature of thremnagnon excitations in general S-spin chains. Special features of the excitations are associated with the integrable models. The method could also be used without difficulty to study systems with uniaxial anisotropies in the Hamiltonian and higher m-magnon excitations as well.
Experimental observation of these excitations by direct measurement does not appear to be easy. Torrance and Tinkham [27] have observed multi-magnon bound states in a S = $ linear chain compound. They explained the experimental results using a model with both a longitudinal and transverse anisotropy in the exchange interaction. The transverse anisotropy leads to a coupling between different m-magnon excitations which allows the three-magnon bound state to be excited by photon absorption. Our results could be used a starting point for a more detailed analysis of the effects of transverse anisotropies in the exchange terms.
